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Abstract
The Ginzburg–Landau equation has been used as a simplified mathematical model for various pattern
formation systems in mechanics, physics and chemistry. In this paper, we study a generalized complex
Ginzburg–Landau equation in two spatial dimension with a fifth order nonlinear term and cubic terms
containing spatial derivatives. We prove a global existence and uniqueness theorem.
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1. Introduction
There has been a large amount of literature regarding complex Ginzburg–Landau equations
(GLE) and their generalized versions (GGLE). For example, Ghidaglia and Heron [1] and Doer-
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following GLE in one or two spatial dimensions:
ut = (1 + iν)u − (1 + iμ)|u|2u + au, (1.1)
where a > 0, and ν,μ are given real numbers. Levermore and Oliver [3] studied GLE as a model
problem. Bu [4] obtained the global existence of the Cauchy problem of the following 2D GLE
ut = (ν + iα)u − (μ + iβ)|u|2qu + γ u (1.2)
with q = 1 and q = 2 under the conditions αβ > 0 or |β|√5/2. Bartuccelli [5], Doering [6],
Bartuccelli [7] and others have investigated turbulence, weak or strong solutions and length scales
for Eq. (1.2) in higher dimensions. A. Mielke and G. Schneider [8–10] obtained sharper results
for (1.2) on bounded and unbounded domains.
The following 1D generalized Ginzburg–Landau equation was originally derived by Doel-
man [11]:
ut = α0u + α1uxx + α2|u|2u + α3|u|2ux + α4u2u¯x − α5|u|4u, (1.3)
where α0 > 0, αj = aj + ibj , j = 1, . . . ,5, a1 > 0, a5 > 0. Duan, Gao et al. [12–17] inves-
tigated a wide range of issues such as global existence of solutions, finite-dimensional global
attractor, Gevery regularity of solutions, exponential attractor, number of determining nodes and
inertial forms. Duan and Holmes [18] have also obtained global existence for Cauchy problem of
Eq. (1.3) under the condition of 4a1a5 > (b3 −b4)2. Guo and Wang [19] considered the following
2D GGLE
ut = ρu + (1 + iν)u − (1 + iμ)|u|2σ u + αλ1 · ∇
(|u|2u)+ β(λ2 · ∇u)|u|2, (1.4)
where ρ > 0, α, β , ν, μ are real numbers, and λ1, λ2 are real constant vectors. Existence of
finite-dimensional global attractor of Eq. (1.4) with periodic boundary conditions was proved
assuming that there exists a positive number δ > 0 so that
1√
1 + (μ−νδ21+δ2 )2 − 1
 σ  3. (1.5)
In many papers mentioned above, appropriate boundary conditions are assumed for the exis-
tence of finite-dimensional global attractors, determining nodes and inertial forms.
Since the following 2D generalized Ginzburg–Landau equation
ut = α0u + α1u + α2|u|2ux + α3|u|2uy + α4u2u¯x + α5u2u¯y − α6|u|2σ u (1.6)
is more closely related to the equation derived by Doelman [11] (σ = 2), it can also be regarded
as the perturbation of nonlinear derivative Schrödinger equation. When α0 > 0, αj = aj + ibj ,
j = 1, . . . ,6, a1 > 0, a6 > 0, σ > 0, Gao and Duan [20] considered the initial value problem for
the GLE in a more generalized version with the suitable initial condition u(x, y,0) = u0(x, y),
(x, y) ∈ R2. For periodic boundary value problem of (1.6) with σ = 2, global existence was
obtained by Gao and Kwek [21].
Nonetheless, there are very few results related to inhomogeneous boundary conditions.
For (1.3) with Dirichlet or Neumann boundary conditions, Gao and Bu [22–24] proved a unique
weak solution that exists for all time in one dimension. They also obtained global existence theo-
rem and its inviscid limit for a Dirichlet inhomogeneous boundary value problem for the classical
GLE in n > 1 dimensions under certain conditions [25].
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propriate initial condition and inhomogeneous Dirichlet boundary condition and prove sufficient
conditions for global existence.
2. A priori estimates and global existence
Let ‖ ·‖ denote the norm of L2(Ω). For any T > 0, let C and Cj be some constants depending
on T and initial/boundary data, the parameters in equation, T and initial value and boundary
value. We study the following initial–boundary value problem in Ω ∈ R2:
ut = α0u + (1 + iν)u + |u|2λ1 · ∇u + u2λ2 · ∇u¯ − (1 + iμ)|u|4u,
u(x,0) = h(x), x ∈ Ω,
u(x, t) = Q(x, t), x ∈ ∂Ω, (2.1)
where λ1 = α2i + α3 j and λ2 = α4i + α5 j are complex vectors.
We write P = ∇u|∂Ω , η =∑j ∂j ξj = ∇ · ξ , and n = (n1, n2) as standard unit outer normal
vector. Since ∂Ω is smooth, there exists a smooth function ξ = (ξ1, ξ2) independent of t from R2
to R2 such that
ξ |∂Ω = (n1, n2) = n.
Let u be a smooth solution to the inhomogeneous boundary problem for the Ginzburg–Landau
equation (2.1). The following identities are available.
First,
∂t
∫
Ω
|u|2 dx = 2 Re
∫
Ω
u¯ut dx
= 2 Re
∫
Ω
u¯
[
α0u + (1 + iν)u + |u|2λ1 · ∇u
+ u2λ2 · ∇u¯ − (1 + iμ)|u|4u
]
dx
= 2α0‖u‖2 − 2‖u‖66 + 2 Re
∫
Ω
(1 + iν)uu¯ dx
+ 2 Re
∫
Ω
|u|2u¯λ1 · ∇udx + 2 Re
∫
Ω
|u|2uλ2 · ∇u¯ dx
= 2α0‖u‖2 − 2‖u‖66 + 2 Re(1 + iν)
∫
∂Ω
(n · P)Q¯ds − 2‖∇u‖2
+ 2 Re
∫
Ω
|u|2u¯λ1 · ∇udx + 2 Re
∫
Ω
|u|2uλ2 · ∇u¯ dx. (2.2)
Second,
∂t
∫
|∇u|2 dx = 2 Re
∫
∇u∇u¯t dx = 2 Re
∫
(n · P)Q¯t ds − 2 Re
∫
uu¯t dxΩ Ω ∂Ω Ω
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∫
∂Ω
(n · P)Q¯t ds
− 2 Re
∫
Ω
u
[
α0u¯ + (1 − iν)u¯ + |u|2λ1 · ∇u¯ + u¯2λ2 · ∇u
− (1 − iμ)|u|4u¯]dx
= 2 Re
∫
∂Ω
(n · P)Q¯t ds − 2α0 Re
∫
Ω
uu¯dx
− 2 Re(1 − iν)
∫
Ω
|u|2 dx − 2 Re
∫
Ω
|u|2uλ1 · ∇u¯ dx
− 2 Re
∫
Ω
uu¯2λ2 · ∇udx + 2 Re(1 − iμ)
∫
Ω
|u|4u¯udx
= 2 Re
∫
∂Ω
(n · P)Q¯t ds + 2α0‖∇u‖2
− 2α0 Re
∫
∂Ω
(n · P)Q¯ds − 2‖u‖2 + 2 Re(1 − iμ)
∫
Ω
|u|4u¯udx
− 2 Re
∫
Ω
|u|2uλ1 · ∇u¯ dx − 2 Re
∫
Ω
uλ2 · u¯2∇udx. (2.3)
Third,
∂t
∫
Ω
|u|6 dx = 6 Re
∫
Ω
|u|4u¯ut dx
= 6 Re
∫
Ω
|u|4u¯[α0u + (1 + iν)u + |u|2λ1 · ∇u + u2λ2 · ∇u¯
− (1 + iμ)|u|4u]dx
= 6α0‖u‖66 + 6 Re(1 + iν)
∫
Ω
|u|4u¯udx
+ 6 Re
∫
Ω
|u|6u¯λ1 · ∇udx + 6 Re
∫
Ω
|u|6uλ2 · ∇u¯ dx − 6‖u‖1010. (2.4)
Fourth,
∂t
∫
Ω
u(ξ · ∇u¯) dx −
∫
∂Ω
QQ¯t ds +
∫
Ω
uu¯tη dx
= 2α0i Im
∫
(ξ · ∇u¯)udx + 2i Im
∫
(ξ · ∇u¯)udx + 2i Im
∫
(ξ · ∇u¯)|u|2λ1 · ∇udx
Ω Ω Ω
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∫
Ω
(ξ · ∇u¯)u2λ2 · ∇u¯ dx − 2i Im
∫
Ω
|u|4u(ξ · ∇u¯) dx
+ 2iν
∫
∂Ω
|n · P |2 ds − 2iν
∑
m,j
Re
∫
Ω
(ξj )mumu¯j dx − iν
∫
∂Ω
|P |2 ds
+ iν
∫
Ω
η|∇u|2 dx − 1
3
iμ
∫
∂Ω
|Q|6 ds + 1
3
iμ
∫
Ω
η|u|6 dx. (2.5)
To prove the above identities, we first differentiate |u|2 in t and substitute ut by Eq. (2.1). An
integration by parts over Ω yields (2.2). Similarly, (2.3) and (2.4) can be obtained fairly easily.
To prove (2.5), we write
ξj (ut u¯j − u¯tuj ) = ∂t (uξj u¯j ) − ∂j (uu¯t ξj ) + uu¯t ∂j ξj . (2.6)
Integrating (2.6) over Ω we obtain∫
Ω
ξj (ut u¯j − u¯tuj ) dx = ∂t
∫
Ω
uξj u¯j dx −
∫
∂Ω
nj
2QQ¯t ds +
∫
Ω
uu¯t ∂j ξj dx. (2.7)
On the other hand,
ξj (ut u¯j − u¯tuj ) = 2iξj Imut u¯j
= 2iξj Im u¯j
[
α0u + (1 + iν)u + |u|2λ1 · ∇u + u2∇λ2 · u¯
− (1 + iμ)|u|4u]
= 2α0iξj Im u¯j u + 2iξj Imuu¯j + 2iνξj Reuu¯j
+ 2iξj Im |u|2λ1 · ∇uu¯j + 2iξj Imu2λ2 · ∇u¯u¯j − 2iξj Im |u|4uu¯j
− 2iμξj Re |u|4uu¯j . (2.8)
Terms in (2.8) are evaluated separately as follows:
2iνξj Reuu¯j = 2iξj ν Re
∑
m
[
(umu¯j )m − umu¯jm
]
= 2iν Re[(ξjumu¯j )m − (ξj )mumu¯j ]− νi∑
m
(
∂j
(
ξj |um|2
)− (∂j ξj )|um|2)
− 2iμξj Re |u|4uu¯j = −13 iμξj ∂j |u|
6
= −1
3
iμ
(
∂j
(
ξj |u|6
)− (∂j ξj )|u|6)
= −1
3
iμ∂j
(
ξj |u|6
)+ 1
3
iμ(∂j ξj )|u|6. (2.9)
Substituting (2.8) and (2.9) in (2.7) we get
ξj (ut u¯j − u¯tuj ) = 2α0iξj Im u¯j u + 2iξj Imuu¯j + 2iξj Im |u|2λ1 · ∇uu¯j
+ 2iξj Imu2λ2 · ∇u¯u¯j − 2iξj Im |u|4uu¯j
+ 2iν Re[(ξjumu¯j )m − (ξj )mumu¯j ]
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∑
m
(
∂j
(
ξj |um|2
)− (∂j ξj )|um|2)− 13 iμ∂j
(
ξj |u|6
)
+ 1
3
iμ(∂j ξj )|u|6. (2.10)
Integrating (2.10) over Ω and adding j = 1,2 we obtain∫
Ω
ξj (ut u¯j − u¯tuj ) dx = 2α0i Im
∫
Ω
(ξ · ∇u¯)udx
+ +2i Im
∫
Ω
(ξ · ∇u¯)udx2i Im
∫
Ω
(ξ · ∇u¯)|u|2λ1 · ∇udx
+ 2i Im
∫
Ω
(ξ · ∇u¯)u2λ2 · ∇u¯ dx − 2i Im
∫
Ω
|u|4u(ξ · ∇u¯) dx
+ 2iν
∫
∂Ω
|n · P |2 ds − 2iν
∑
m,j
Re
∫
Ω
(ξj )mumu¯j dx
− iν
∫
∂Ω
|P |2 ds + iν
∫
Ω
η|∇u|2 dx − 1
3
iμ
∫
∂Ω
|Q|6 ds
+ 1
3
iμ
∫
Ω
η|u|6 dx. (2.11)
Now we combine (2.7) and (2.11) for j = 1,2 to get
∂t
∫
Ω
u(ξ · ∇u¯) dx −
∫
∂Ω
QQ¯t ds +
∫
Ω
uu¯tη dx
= 2α0i Im
∫
Ω
(ξ · ∇u¯)udx + 2i Im
∫
Ω
(ξ · ∇u¯)udx + 2i Im
∫
Ω
(ξ · ∇u¯)|u|2λ1 · ∇udx
+ 2i Im
∫
Ω
(ξ · ∇u¯)u2λ2 · ∇u¯ dx − 2i Im
∫
Ω
|u|4u(ξ · ∇u¯) dx
+ 2iν
∫
∂Ω
|n · P |2 ds − 2iν
∑
m,j
Re
∫
Ω
(ξj )mumu¯j dx − iν
∫
∂Ω
|P |2 ds
+ iν
∫
Ω
η|∇u|2 dx − 1
3
iμ
∫
∂Ω
|Q|6 ds + 1
3
iμ
∫
Ω
η|u|6 dx. (2.12)
This completes the proof of (2.5).
To establish a bound for u in H 1 space, we multiply (2.1) by ηu¯ and integrate over Ω to
obtain
0 =
∫
Ω
ηu¯
[
ut − α0u − (1 + iν)u − |u|2λ1 · ∇u − u2λ2 · ∇u¯ + (1 + iμ)|u|4u
]
dx
=
∫
ηu¯ut dx − α0η‖u‖2 − (1 + iν)
∫
ηu¯udx −
∫
η|u|2λ1 · ∇uu¯ dx
Ω Ω Ω
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∫
Ω
η|u|2uλ2 · ∇u¯ dx + (1 + iμ)
∫
Ω
η|u|6 dx. (2.13)
Therefore,∫
Ω
ηuu¯t dx = α0
∫
Ω
η|u|2 dx − (1 − iμ)
∫
Ω
η|u|6 dx + (1 − iν)
∫
∂Ω
η(n · P¯ )Qds
− (1 − iν)
∫
Ω
(
(∇η · ∇u¯)u + η|∇u|2)dx
+
∫
Ω
η|u|2λ1 · ∇u¯u dx +
∫
Ω
η|u|2u¯λ2 · ∇udx. (2.14)
Substituting (2.14) in (2.13) and using (2.5) we find
∂t
∫
Ω
u(ξ · ∇u¯) dx −
∫
∂Ω
QQ¯t ds + α0
∫
Ω
η|u|2 dx − (1 − iμ)
∫
Ω
η|u|6 dx
+ (1 − iν)
∫
∂Ω
η(n · P¯ )Qds − (1 − iν)
∫
Ω
(
(∇η · ∇u¯)u + η|∇u|2)dx
+
∫
Ω
η|u|2uλ1 · ∇u¯ dx +
∫
Ω
η|u|2u¯λ2 · ∇udx
= 2α0i Im
∫
Ω
(ξ · ∇u¯)udx + 2i Im
∫
Ω
(ξ · ∇u¯)udx + 2i Im
∫
Ω
(ξ · ∇u¯)|u|2λ1 · ∇udx
+ 2i Im λ2 ·
∫
Ω
u2∇u¯(ξ · ∇u¯) dx − 2i Im
∫
Ω
|u|4u(ξ · ∇u¯) dx
+ 2iν
∫
∂Ω
|n · P |2 ds − 2iν
∑
Re
∫
Ω
(ξj )mumu¯j dx − iν
∫
∂Ω
|P |2 ds
+ iν
∫
Ω
η|∇u|2 dx − 1
3
iμ
∫
∂Ω
|Q|6 ds + 1
3
iμ
∫
Ω
η|u|6 dx. (2.15)
The above identity can be rearranged as follows:
i
∫
∂Ω
(
ν|P |2 − 2ν|n · P |2 + 1
3
μ|Q|6 + iQQ¯t − (ν + i)η(n · P¯ )Q
)
ds
= −∂t
∫
Ω
u(ξ · ∇u¯) dx − α0
∫
Ω
η|u|2 dx + (1 − iμ)
∫
Ω
η|u|6 dx
+ (1 − iν)
∫
Ω
(
(∇η · ∇u¯)u + η|∇u|2)dx + 2α0i Im
∫
Ω
(ξ · ∇u¯)udx
+ 2i Im
∫
(ξ · ∇u¯)udx + 2i Im
∫
(ξ · ∇u¯)|u|2λ1 · ∇udx
Ω Ω
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∫
Ω
u2λ2 · ∇u¯(ξ · ∇u¯) dx − 2i Im
∫
Ω
|u|4u(ξ · ∇u¯) dx
− 2iν
∑
m,j
Re
∫
Ω
(ξj )mumu¯j dx + iν
∫
Ω
η|∇u|2 dx + 1
3
iμ
∫
Ω
η|u|6 dx
−
∫
Ω
η|u|2uλ1 · ∇u¯ dx −
∫
Ω
η|u|2u¯λ2 · ∇udx. (2.16)
Our next goal is to obtain a bound on the integral of |n · P |2. Let Q˜ be any C4 function on
Ω × [0,∞) with compact support in x such that (see [26])
(1 + iν)Q˜ = Qt − α0Q − (a1 + ib1)|Q|2∇Q
− (a2 + ib2)Q2∇Q¯ + (1 + iμ)|Q|4Q on ∂Ω, (2.17)
and
Q˜ = Q on ∂Ω. (2.18)
In fact, any finite number of derivatives can be specified on ∂Ω . At each point we can write
|P |2 = |n · P |2 + |A · P |2 = |n · P |2 + |A · ∇Q˜|2 (2.19)
where A · P denotes the tangential component of P and
ν|P |2 − 2ν|n · P |2 = −ν|n · P |2 + ν|A · ∇Q˜|2. (2.20)
By substituting the above identities in (2.16) we obtain
ν
∫
∂Ω
|n · P |2 ds =
∫
∂Ω
[
ν|A · ∇Q˜|2 + 1
3
μ|Q|6 + iQQ¯t − (ν + i)η(n · P¯ )Q
]
ds
− i∂t
∫
Ω
u(ξ · ∇u¯) dx − iα0
∫
Ω
η|u|2 dx + (μ + i)
∫
Ω
η|u|6 dx
+ (ν + i)
∫
Ω
[
(∇η · ∇u¯)u + η|∇u|2]dx − 2α0 Im
∫
Ω
(ξ · ∇u¯)udx
− 2 Im
∫
Ω
(ξ · ∇u¯)udx − 2 Im
∫
Ω
(ξ · ∇u¯)|u|2λ1 · ∇udx
− 2 Im
∫
Ω
u2λ2 · ∇u¯(ξ · ∇u¯) dx + 2 Im
∫
Ω
|u|4u(ξ · ∇u¯) dx
+ 2ν
∑
Re
∫
Ω
(ξj )mumu¯j dx − ν
∫
Ω
η|∇u|2 dx − 1
3
μ
∫
Ω
η|u|6 dx
− i
∫
Ω
η|u|2uλ1 · ∇u¯ dx − i
∫
Ω
η|u|2u¯λ2 · ∇udx. (2.21)
Assume that ν 	= 0. Integrating (2.21) in t , we have
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0
∫
∂Ω
|n · P |2 ds dT
C +
t∫
0
∫
∂Ω
|A · ∇Q˜|2 ds dT + N1
√
ν2 + 1
|ν|
t∫
0
∫
∂Ω
∣∣(n · P)∣∣|Q|ds dT
+ N1
∫
Ω
|u||∇u|dx + C1
t∫
0
(‖u‖2 + ‖u‖66)dT + C2
t∫
0
∫
Ω
(|u∇u| + |∇u|2)dx dT
+ 2N1|ν|
t∫
0
∫
Ω
|∇u||u|dx dT + 4MN1|ν|
t∫
0
∫
Ω
|u|2|∇u|2 dx dT
+ 2N1|ν|
t∫
0
∫
Ω
|u|5|∇u|dx dT + 2MN1|ν|
t∫
0
∫
Ω
|u|3|∇u|dx dT , (2.22)
where
M = max{|λ1|, |λ2|}, N1 = max
{
max
x∈Ω
∣∣η(x)∣∣,max
x∈Ω
∣∣ξ(x)∣∣,max
x∈Ω
∣∣∇ξ(x)∣∣}. (2.23)
By Cauchy inequality, we have
t∫
0
∫
∂Ω
|n · P |2 ds dT  C3 + C4
(‖u‖2 + ‖∇u‖2)+ C5
t∫
0
(‖u‖2 + ‖u‖66)dT
+ C6
t∫
0
∫
Ω
|∇u|2 dx dT + 4N1|ν|
t∫
0
∫
Ω
|∇u||u|dx dT
+ 8MN1|ν|
t∫
0
∫
Ω
|u|2|∇u|2 dx dT + 2N1|ν|
t∫
0
∫
Ω
|u|5|∇u|dx dT
+ 2MN1|ν|
t∫
0
∫
Ω
|u|3|∇u|dx dT . (2.24)
Now we are in position to prove the following global existence theorem.
Global Existence Theorem. Let h ∈ H 2 = H 2(Ω),Q ∈ C1([0,∞) × ∂Ω),Q(0, ·) = h(·)
on ∂Ω . Assume that u is a solution for (2.1) and any one of the following criteria is true (M is
given by (2.23)):
(i) 0 < |ν| <
√
5
2 , μ arbitrary, M
2 < 3 − 2√1 + ν2;
(ii) |ν| =
√
5
2 , μ arbitrary, |α| <
√
5
2 , M
2 < 3 − 2√1 + α2;
(iii) μν > 0, M2 < 1;
(iv) μν < 0, |μ| <
√
5
, |ν| >
√
5
, M2 < 3 − 2√1 + μ2;2 2
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√
5
2 , |ν| >
√
5
2 , |α| <
√
5
2 , −(1+μν) < |α||μ−ν| and M2 < (3−2
√
1 + α2 ).
Then u is a global solution in H 2. In the other words, for any T > 0 there exist constants
K1,K2 > 0 depending on parameters in (2.1), T and initial–boundary data such that
‖u‖H 1∩L6 K1, 0 t  T ,
‖u‖H 2 K2, 0 t  T .
Proof. Let
Eδ
(
u(t)
)= 1
2
‖∇u‖2 + δ
6
‖u‖66. (2.25)
Then by (2.3) and (2.4), we have
dEδ
dt
= Re
∫
∂Ω
(n · P)Q¯t ds − α0 Re
∫
∂Ω
(n · P)Q¯ds + α0‖∇u‖2 − ‖u‖2
+ Re(1 + iμ)
∫
Ω
|u|4uu¯dx − Re
∫
Ω
|u|2uλ1 · ∇u¯ dx
− Re
∫
Ω
u¯2uλ2 · ∇udx + α0δ‖u‖66 + δ Re(1 + iν)
∫
Ω
|u|4u¯udx
+ δ Re
∫
Ω
|u|6u¯λ1 · ∇udx + δ Re
∫
Ω
|u|6uλ2 · ∇u¯ dx − δ‖u‖1010
−(‖u‖2 + δ‖u‖1010)+ C7Eδ(t)
+ 1
2
Re
∫
Ω
(|u|4u,u)N0(|u|4u¯,u¯)T dx + max{1, α0}
∫
∂Ω
|n · P |(|Qt | + |Q|)ds
+ 2M
∫
Ω
|u|2|u||∇u|dx + 2Mδ
∫
Ω
|u|7|∇u|dx, (2.26)
where (|u|4u¯,u¯)T denotes the transpose of (|u|4u,u) and
N0 =
(
0 1 + δ − i(νδ − μ)
1 + δ + i(νδ − μ) 0
)
.
Furthermore,
d
dt
(
Eδ + 12‖u‖
2
)
 C8 + C9
(
Eδ + 12‖u‖
2
)
− (‖u‖66 + ‖∇u‖2)− (‖‖2 + δ‖u‖1010)
+ 
2
∫
∂Ω
|n · P |2 ds + 2M
∫
Ω
|u|3|∇u|dx + 2M
∫
Ω
|u|2|u||∇u|dx
+ 2Mδ
∫
Ω
|u|7|∇u|dx + 1
2
Re
∫
Ω
(|u|4u,u)N0(|u|4u¯,u¯)T dx.
(2.27)
If |α| <
√
5 then 3 − 2√1 + α2 > 0 and2
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∫
Ω
|u|4u¯udx
= Re(1 + iα)
∫
Ω
u2u¯3udx
= Re(1 + iα)
∫
∂Ω
(n · P)|Q|4Q¯ ds − 2 Re(1 + iα)
∫
Ω
(∇u)2|u|2u¯2 dx − 3
∫
Ω
|∇u|2|u|4 dx
 Re(1 + iα)
∫
∂Ω
(n · P)|Q|4Q¯ds − (3 − 2√1 + α2 )
∫
Ω
|∇u|2|u|4 dx. (2.28)
This implies that
d
dt
(
Eδ + 12‖u‖
2
)
 C10 + C11
(
Eδ + 12‖u‖
2
)
− (‖u‖66 + ‖∇u‖2)+ 
∫
∂Ω
|n · P |2 ds
− (1 − k)(‖u‖2 + δ‖u‖1010)− η¯(3 − 2
√
1 + α2 )
∫
Ω
|u|4|∇u|2 dx
+ 2M
∫
Ω
|u|2|u||∇u|dx + 2Mδ
∫
Ω
|u|7|∇u|dx
+ 1
2
Re
∫
Ω
(|u|4u,u)N(|u|4u¯,u¯)T dx (2.29)
where
N =
( −2δk 1 + δ − η¯ − i(νδ − μ − αη¯)
1 + δ − η¯ + i(νδ − μ − αη¯) −2k
)
and η¯ is a positive constant to be chosen. In addition, k is a constant between 0 and 1 and C10 is
a constant depending on Q and C8. Now we integrate (2.29) in t and substitute (2.24) to get
Eδ + 12‖u‖
2  C11
t∫
0
(
Eδ + 12‖u‖
2
)
dT + C12 −
t∫
0
(‖u‖66 + ‖∇u‖2)dT
− (1 − k)
t∫
0
(‖u‖2 + δ‖u‖1010)dT
− η¯(3 − 2√1 + α2 )
t∫
0
∫
Ω
|u|4|∇u|2 dx dT
+ 2M
t∫
0
∫
Ω
|u|2|u||∇u|dx dT + 2Mδ
t∫
0
∫
Ω
|u|7|∇u|dx dT
+ 1
2
Re
t∫ ∫ (|u|4u,u)N(|u|4u¯,u¯)T dx dT0 Ω
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(‖u‖2 + ‖∇u‖2)+ C5
t∫
0
(‖u‖2 + ‖u‖66)dT
+ C6
t∫
0
∫
Ω
|∇u|2 dx dT + 4N1|ν| 
t∫
0
∫
Ω
|∇u||u|dx dT
+ 8MN1|ν| 
t∫
0
∫
Ω
|u|2|∇u|2 dx dT
+ 2N1|ν| 
t∫
0
∫
Ω
|u|5|∇u|dx dT + 2MN1|ν| 
t∫
0
∫
Ω
|u|3|∇u|dx dT . (2.30)
By choosing  such that C4 < 12 and using some elementary inequalities, we have(
1
2
− C4
)(
Eδ + 12‖u‖
2
)
 C13 + C14
t∫
0
(
Eδ + 12‖u‖
2
)
dT + C15
t∫
0
(‖u‖66 + ‖∇u‖2)dT
− (1 − k − )
t∫
0
(‖u‖2 + δ‖u‖1010)dT − [η¯(3 − 2
√
1 + α2 )− ]
t∫
0
∫
Ω
|u|4|∇u|2 dx
+ 2M
t∫
0
∫
Ω
|u|2|u||∇u|dx dT + 2Mδ
t∫
0
∫
Ω
|u|7|∇u|dx dT
+ 1
2
Re
t∫
0
∫
Ω
(|u|4u,u)N(|u|4u¯,u¯)T dx dT
 C13 + C14
t∫
0
(
Eδ + 12‖u‖
2
)
dT + C15
t∫
0
(‖u‖66 + ‖∇u‖2)dT
− (1 − k − )
t∫
0
(‖u‖2 + δ‖u‖1010)dT
− [η¯(3 − 2√1 + α2 )− ]
t∫
0
∫
Ω
|u|4|∇u|2 dx dT
+ M
2
1 − k − 
t∫ ∫
|u|4|∇u|2 dx dT + (1 − k − )
t∫
‖u‖2 dT0 Ω 0
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t∫
0
‖u‖1010 dT +
M2δ
1 − k − 
t∫
0
∫
Ω
|u|4|∇u|2 dx dT
+ 1
2
Re
t∫
0
∫
Ω
(|u|4u,u)N(|u|4u¯,u¯)T dx dT
C13 + C16
t∫
0
(
Eδ + 12‖u‖
2
)
dT + 1
2
Re
t∫
0
∫
Ω
(|u|4u,u)N(|u|4u¯,u¯)T dx dT
+
[
M2(1 + δ)
1 − k −  +  − η¯
(
3 − 2
√
1 + α2 )
] t∫
0
∫
Ω
|u|4|∇u|2 dx dT . (2.31)
Assumptions on μ,ν and α in the global existence theorem imply that N is negative semidef-
inite [9,10,24]. Similar to discussions in [21,24], we write η¯ = 1 + δ and see that
M2(1 + δ)
1 − k −  +  − η¯
(
3 − 2
√
1 + α2 ) 0, (2.32)
M2(1 + δ) < η¯(3 − 2√1 + α2 ), (2.33)
for any 0 <  < 1 − k. Therefore,
Eδ + 12‖u‖
2 + 1
t∫
0
‖u‖2 dT M1 + M2
t∫
0
(
Eδ + 12‖u‖
2
)
dT , (2.34)
where 1 = 1− k− . By Gronwall’s lemma, u ∈ H 1 ∩ L6 for any t  0, and u ∈ L2([0, T ],H 2)
for any T > 0.
To study the local existence, we first homogenize the boundary condition by setting up
v(x, t) = u(x, t) − Q˜(x, t), where Q˜(x, t) is defined in (2.17) and (2.18). This procedure leads
to
vt = (1 + iν)v + f (Q˜, v). (2.35)
Since f (·) :H 2 → H 1 is locally Lipschitz continuous, (2.1) has a unique solution u ∈
C1((0, T ),H 1) ∩ C([0, T ),H 2) for some T > 0 [27,28].
In order to show that ‖u‖2 is bounded, we rewrite (2.35) as
vt = α0v + (1 + iν)v + |v|2λ1 · ∇v + v2λ2 · ∇v¯ − (1 + iμ)|v|4v
+ f1(Q˜) + f2(Q˜, v) (2.36)
and
v|∂Ω = 0 (2.37)
where
f1(Q˜) = (1 + iν)Q˜ − Q˜t + |Q˜|2λ1 · ∇Q˜ + Q˜2λ2 · ∇ ¯˜Q − (1 + iμ)|Q˜|4Q˜,
f2(Q˜, v) = λ1 ·
[
2 Re(Q˜v¯)∇v + |Q˜|2∇v + |v|2∇Q˜ + 2 Re(Q˜v¯)∇Q˜]
+ λ2 ·
[
v2∇ ¯˜Q + 2vQ˜∇v¯ + 2vQ˜∇ ¯˜Q + Q˜2∇v¯]
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+ 4|v|2Q˜Re(Q˜v¯)]
− (1 + iμ)[2|v|2v|Q˜|2 + 2|v|2Q˜|Q˜|2 + 2|Q˜|2|v|2 + |Q˜|4v].
Since ‖u‖H 1 is bounded, Q˜ ∈ C3(Ω × (0, T )), by (2.36) we see that ‖v‖ − C  ‖u‖ 
‖v‖ + C and C17(‖vt‖ − 1)  ‖v‖  C18(‖vt‖ + 1) for positive constants C,C17 and C18
are positive.
Therefore, the only remaining term to be estimated is ‖vt‖. Differentiating (2.36) with respect
to t , we have
vtt = α0vt + (1 + iν)vt +
(|v|2λ1 · ∇v)t + (v2λ2 · ∇v¯)t − (1 + iμ)(|v|4v)t
+ (f1(Q˜))t + (f2(Q˜, v))t . (2.38)
We now take the real part of the L2-inner product of (2.38) with vt . After an integration by parts,
we note that Q˜ ∈ C4(Ω × (0, T )) and ‖u‖H 1 is bounded so we can apply Cauchy inequality to
obtain
1
2
d
dt
‖vt‖2
 α0‖vt‖2 − ‖∇vt‖2 + C
[∫
Ω
|v|2|∇vt ||vt |dx +
∫
Ω
|v||∇v||vt |2 dx
]
+ C
[∫
Ω
|v||∇vt ||vt |dx +
∫
Ω
|v||∇v||vt |dx +
∫
Ω
|∇v||vt |2 dx +
∫
Ω
|∇vt ||vt |dx
]
+ C
[∫
Ω
|v|4|vt |2 dx +
∫
Ω
|v|3|vt |2 dx +
∫
Ω
|v|2|vt |2 dx +
∫
Ω
|v||vt |2 dx
]
+ C
[∫
Ω
|v|4|vt |dx +
∫
Ω
|v|3|vt |dx +
∫
Ω
|v|2|vt |dx +
∫
Ω
|vt |2 dx + 1
]
(2.39)
and ∫
Ω
|v|2|∇vt ||vt |dx  1‖∇vt‖2 + C(1)
∫
Ω
|v|4|vt |2 dx.
Using Gagliardo–Nirenberg inequality in two dimension, we get∫
Ω
|v|4|vt |2 dx  ‖v‖4L∞‖vt‖2  C‖v‖2‖v‖2‖vt‖2  C
(
1 + ‖vt‖4
)
.
Therefore we obtain∫
Ω
|v|2|∇vt ||vt |dx  1‖∇vt‖2 + C
∫
Ω
|v|4|vt |2 dx
 1‖∇vt‖2 + C
(
1 + ‖vt‖4
)
, (2.40)∫
|v||∇v||vt |2  ‖v‖L∞
∫
|∇v||vt | 1‖∇vt‖2 + C
(
1 + ‖vt‖4
) (2.41)
Ω Ω
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Ω
|v||∇vt ||vt |dx  1‖∇vt‖2 +
∫
Ω
|v|2|vt |2 dx  1‖∇vt‖2 + C
(
1 + ‖vt‖4
)
. (2.42)
The remaining terms in (2.39) could be estimated easily. Since 1 is small enough, by (2.40)–
(2.42) we get
d
dt
‖vt‖2  C19‖vt‖4 + C20‖vt‖2 + C21.
Or equivalently,
d
dt
(‖vt‖2 + 1) C(‖vt‖2 + 1)2. (2.43)
By (2.43), the term ∫ t0 ‖u‖2 dτ is bounded, so is ∫ t0 ‖v‖2 dτ . This implies that the term∫ t
0 ‖vt‖2 dτ is bounded. By uniform Gronwall inequality [29] we get ‖vt‖2  C(T ), hence
‖u‖2  C(T ). Therefore, the solution obtained in the above exists in H 2 globally and the
proof of the Global Existence Theorem is now complete. 
References
[1] J.-M. Ghidaglia, B. Heron, Dimension of the attractor associated to the Ginzburg–Landau equation, Phys. D 28
(1987) 282–304.
[2] C. Doering, J.D. Gibbon, D. Holm, B. Nicolaenko, Low-dimensional behavior in the complex Ginzburg–Landau
equation, Nonlinearity 1 (1988) 279–309.
[3] C.D. Levermore, M. Oliver, The complex Ginzburg–Landau equation as a model problem, in: Dynamical System
and Probabilistic Methods in Partial Differential Equations, in: Lectures in Appl. Math., vol. 31, Amer. Math. Soc.,
Providence, RI, 1996, pp. 149–190.
[4] C. Bu, On the Cauchy problem for the 1 + 2 complex Ginzburg–Landau equation, J. Aust. Math. Soc. Ser. B 36
(1994) 313–324.
[5] M. Bartuccelli, P. Constantin, C. Doering, J.D. Gibbon, M. Gisselfalt, On the possibility of soft and hard turbulence
in the complex Ginzburg–Landau equation, Phys. D 44 (1990) 421–444.
[6] C.R. Doering, J.D. Gibbon, C.D. Levermore, Weak and strong solution of the complex Ginzburg–Landau equation,
Phys. D 71 (1994) 285–318.
[7] M. Bartuccelli, J.D. Gibbon, M. Oliver, Lengths scales in solutions of the complex Ginzburg–Landau equation,
Phys. D 89 (1996) 267–286.
[8] A. Mielke, G. Schneider, Attractors for modulation equations on unbounded domains-existence and comparison,
Phys. D 89 (1995) 743–768.
[9] A. Mielke, The complex Ginzburg–Landau equation on large and unbounded domains: Sharper bounds and attractor,
Nonlinearity 10 (1997) 199–222.
[10] A. Mielke, Bounds for the solutions of the complex Ginzburg–Landau equation in terms of the dispersion parame-
ters, Phys. D 117 (1998) 106–116.
[11] A. Doelman, On the nonlinear evolution of patterns (modulation equations and their solutions), PhD thesis, Univer-
sity of Utrech, The Netherlands, 1990.
[12] J. Duan, P. Holmes, E.S. Titi, Global existence theory for a generalized Ginzburg–Landau equation, Nonlinearity 5
(1992) 1303–1314.
[13] J. Duan, P. Holmes, E.S. Titi, Regularity approximation and asymptotic dynamics for a generalized Ginzburg–
Landau equation, Nonlinearity 6 (1993) 915–933.
[14] B. Guo, H. Gao, Finite dimensional behavior of generalized Ginzburg–Landau equation, Progr. Natur. Sci. 4 (1994)
423–434.
[15] H. Gao, Exponential attractors for a generalized Ginzburg–Landau equation, Appl. Math. Mech. 16 (1995) 877–882.
[16] H. Gao, B. Guo, Numbers of determining nodes for a generalized Ginzburg–Landau equation, Progr. Natur. Sci. 5
(1995) 636–638.
714 H. Gao et al. / J. Math. Anal. Appl. 330 (2007) 699–714[17] H. Gao, B. Guo, Finite dimensional inertial forms for 1D generalized Ginzburg–Landau equation, Sci. China Ser. A
25 (1995) 1233–1247.
[18] J. Duan, P. Holmes, On the Cauchy problem of a generalized Ginzburg–Landau equation, Nonlinear Anal. 22 (1994)
1033–1040.
[19] B. Guo, B. Wang, Finite dimensional behavior for the derivative Ginzburg–Landau equation in two spatial dimen-
sions, Phys. D 89 (1995) 83–99.
[20] H.J. Gao, J. Duan, On the initial value problem for the generalized 2D Ginzburg–Landau, J. Math. Anal. Appl. 216
(1996) 536–548.
[21] H. Gao, K.H. Kwek, Global existence for the generalized 2D Ginzburg–Landau equation, ANZIMA J. 44 (2003)
381–392.
[22] H. Gao, C. Bu, A Dirichlet boundary value problem for a generalized Ginzburg–Landau equation, Appl. Math.
Lett. 16 (2003) 179–184.
[23] H. Gao, X. Gu, C. Bu, A Neumann boundary value problem for a generalized Ginzburg–Landau equation, Appl.
Math. Comput. 134 (2003) 553–560.
[24] X. Gu, H. Gao, Sharper global existence for the generalized 1D nonhomogeneous Ginzburg–Landau equation,
J. Math. Anal. Appl. 284 (2003) 566–577.
[25] H. Gao, C. Bu, Dirichlet inhomogeneous boundary value problem for the n+1 complex Ginzburg–Landau equation,
J. Differential Equations 198 (2004) 176–195.
[26] A. Friedman, Partial Differential Equations, Holt, Rinehart and Winston, New York, 1969.
[27] A. Pazy, Semigroup of Linear Operators and Applications to PDE, Springer, New York, 1983.
[28] D. Henry, Geometric Theory of Semilinear Parabolic Equations, Springer, Berlin, 1981.
[29] R. Temam, Infinite Dimensional Dynamical System in Mechanics and Physics, Springer, New York, 1988.
